ABSTRACT. A set X in £3 is said to have vertical number n if the intersection of each vertical line with X contains at most n components.
1. Introduction. The theorem of the title has apparently been proved independently by Cobb. The Fox-Artin wild sphere [12, Example 1.2] (cf. [7, §3 .31) can be described in E3; so that its interior has vertical number 2; thus the theorem cannot be generalized in this direction.
However we shall show in §2 that a 2-sphere whose interior has vertical number 2 is tame from its interior (Theorem 2.6). That the number 2 is the best possible for this conclusion can be seen using a slight modification of the Fox-Artin construction (which runs the knotted feeler inward rather than outward). Questions of the type discussed in this paper are mentioned in [7, §9l; and previous [16] , and [17] .
Noiaizo». Main theorem. // S is a 2-sphere in E3 with vertically connected interior U, then S is tame.
C1(X)
Proof. From the standpoint of current theory, the difficulty in the main theorem arises from the fact that a vertical line which intersects S but not U may intersect S in a set which is not connected. The proof has therefore, two main parts: the easier Part 1 which shows that S is tame if Bd(rr(J) is a simple closed curve (a case in which the previously mentioned difficulty does not arise; cf. the proof of 1.1) and a harder Part 2 in which it is shown that there is a 2-sphere S' in E3 with vertically connected interior (/' such that S and S' are equivalently embedded in E3 and such that Bd(nU') is a simple closed curve. The two parts will be preceded by an initial Part 0 in which the general properties of nil and Bd(nU) will be established.
Part 0. Properties of nU and Bd(nU). (The special hypothesis that Bd(nU) is a simple closed curve is to be assumed in Steps 1.1-1.4.)
1.1. The set X = S D 77" BdfffU) is a tame nondegenerate continuum, hence is a -taming set.
The set X is tame since it lies in the cylinder n~ B¿(ttU). That X is connected will follow from general properties of monotone mappings (rr \ X) once we show that, for each x £ Bà(nU), S n ir" (x) is connected. by [17] . However, the proof that 5 is tame in our situation is short and we include it (1.3 and 1.4).
1.3. The set E -U is a -taming set; hence S is tame from U.
Let X. be the closed subset of E3 -U that is formed by taking the union of all closed vertical segments in E3 -U of length at least 1/z'. The set X. is ataming set by [9, Theorem 5] . It is an immediate consequence of 0.3 that E3 -U = U;ll iff« Hence E3 -U is a *-taming set by [8, Theorem 3.7] . It follows from the definition of -taming set [8, p. 429] that S is tame from U.
1.4. The set 5 U Í/ is a -taming set; hence S is tame from Ext S.
Let y. be the union of all closed vertical segments in S U U of length at least I/i. It is an immediate consequence of 0.3 and 1.1 that S U U is the union of the -taming sets X, Yy, Y2, • • •. Thus S U U is a *-taming set by [8, Theorem 3.7] , and 5 is tame from Ext 5.
Part 2. Reduction to the special case. There is a 2-sphere S' in E3 with vertically connected interior U such that S and S ate equivalently embedded in E and such that Bd(nU ) is a simple closed curve.
The idea in Part 2 is as follows: Since Bd(nU) is locally connected, it has a certain "nice" singular collar in nil (cf. 2.1). This collar may be used to describe a horizontal push (cf. 2.2) of S U U that moves S U U from Cl(nU) x E1
into nU x E . This horizontal push moves S D n~ Bd(nU) so that its projection under n is a simple closed curve. The image 5 ' of S under this push is the desired 2-sphere. C.v the 3-cell G(C).
H: C, -■* E3, an embedding defined by radially shrinking Cx according to the formula H(x, t)=(lA-x, t) ((x, t) £ Cx C B2xE1). C2, the 3-cell//(Cj).
Note that H is a horizontal push which takes the 3-cell C. onto the 3-cell C2 and preserves vertical lines. Note further that F(CX) 3 U, hence that F(Cj) 3C1 U, and that F(C2)C nU x E . We shall prove in 2.3 that F|Cj is 1-1 hence that H^= (FHF~ \FCA): F(CX) -*F(CA) defines a homeomorphism and a horizontal push which takes the 3-cell F(Cj) onto the 3-cell F(C2). The map HjCl U is the desired horizontal push from Cl U into ttU x E .
2.3. The map F\CX is 1-1. [12], [14] ). Thus the extension to all of E is immediate.
2.5. The 2-sphere S = H%(S) satisfies the requirements of Part 2.
We leave the checking of 2.5 to the reader. We comment only that Bo\(ttU ) = Bd(i7 Int S') is the simple closed curve f(lA • S ).
Result 2.5 completes the reduction to the special case of Part 1. and we claim that X is closed. To see this, suppose that q is a limit point of X that is not in X, and note that q is not in D. Thus q is a limit point of ((J"T_j X.), and there must exist a null sequence ÍF.} of vertical intervals, each intersecting D, such that q belongs to lim.^^F.. But then q would be a limit point of D.
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Since X is closed and is the countable union of -taming sets [8, Theorem 3.7] , we see that X is also a -taming set [8, Theorem 3.7] . We approximate S -X with a locally polyhedral surface [3, Theorem l] to obtain a 2-sphere S that contains D and such that 5 ' O X = S C\X, and it follows from the definition of -taming sets that S is tame from the complementary domain of S that does not intersect X. Thus S is locally tame from E -Cl((/) at p, and hence S is locally tame from E -Cl(U) at each point of Int D.
Theorem 2.3. // a disk F in E has a tame boundary and has vertical number 3, then F is tame.
Proof. We shall show that F is locally tame at each of its interior points, and the theorem will then follow from [il] (cf. [8, Theorem 3.7] ) since BdF is tame. / is a homeomorphism near q, it follows that D is locally tame at q. Now it follows from (2.2) that IntD is locally tame from IntS, so that F is locally tame at p from one side.
Since S is locally polyhedral away from D it is clear that another 2-sphere Q can be constructed so that D CQ, Q is locally tame modulo D, and Q is locally tame at p from Ext Q. If Q is now allowed to play the role of S in the above proof, we see that Q is also locally tame at p from its interior. Thus F is locally tame at p from both sides and hence locally tame at each of its interior points.
Remark. Theorems 2.4 and 2.5 generalize the main results in [15] and [16] , respectively. All 2-manifolds considered here are to be connected and without boundary. 
